The creation of efficient thermoelectric devices remains a technological challenge. Using nanoscaleengineered devices offers some potential advantages over bulk materials; however, they also present new problems. The microscopic Hamiltonian of a device which optimizes the efficiency and power output for a particular load and temperature profile is not necessarily optimum for another temperature difference and external load. Furthermore, one cannot necessarily manufacture a particular Hamiltonian. In this paper, we calculate the nonlinear thermoelectric transport through a gate-modulated one-dimensional disordered semiconducting nanowire connected to two large leads. The disorder is chosen to be Lorentzian, which allows exact results for transmission through the wire for all strengths of disorder. By tuning the gate voltage acting on the nanowire, we show that the thermodynamic efficiency can be made large enough to be industrially competitive. The gate voltage allows one to maximize the efficiency and power output for particular temperature differences between the leads as well as different external loads.
I. INTRODUCTION
Thermoelectricity, converting unused waste heat to electricity or using electricity for refrigeration, has gained increased attention in recent years. For example, as much as 75% of the energy generated by a car's internal-combustion engine ends up lost as waste heat [1] . Because bulk materials turn out to be inherently inefficient [2, 3] , the actual number of commercial applications of thermoelectricity has remained limited. Recent progress in nanoengineered materials has opened the possibility to build thermoelectric materials with specific properties to boost the efficiency [4] [5] [6] [7] [8] [9] [10] [11] [12] .
One class of nanostructured devices with yet-unrealized potential for higher efficiency consists of two large leads at different temperatures connected by a molecule [13] [14] [15] [16] [17] [18] [19] , wire [20] [21] [22] [23] , or quantum dot [24] [25] [26] [27] [28] . The electrical current and heat flow for these systems is determined by the transmission across the connecting region. From earlier work on these systems [29] we know that for tunneling through a single-resonant level the efficiency can approach the maximum thermodynamic efficiency (Carnot limit), but only in the limit where the power output also goes to zero. In the nonlinear-response regime, which is easy to obtain in these small systems, one can have finite power output at very high efficiency [29] [30] [31] [32] [33] [34] [35] . By placing many of these nanodevices in parallel one can scale up the power to macroscopic levels.
While this is quite promising, there are serious problems from an application point of view. First, while the Hamiltonians for the central systems may be physically reasonable for tunneling through certain kinds of molecules, there is no guarantee that a particular optimumtransmission coefficient will actually be realizable in a molecular system. Second, and perhaps more important, the optimum transmission as a function of energy depends on both the temperature difference between the two sides of the system and also the external load for the thermoelectric generator. Thus, if one is lucky enough to find just the right molecule for tunneling through for a particular temperature gradient and external load, the same device may not be optimum for a different temperature difference or external load.
Both of these issues, reliable manufacturing and optimization under varying conditions, may be solvable with semiconducting nanowires. Semiconducting nanowires can be manufactured reproducibly. By applying a gate to the wires one can also tune the transmission probability as a function of energy, allowing for different operating conditions. Indeed, in a recent preprint Brovman et al. [36] have measured a large Seebeck coefficient in silicon nanowires. The Seebeck coefficient measures the thermoelectric voltage in response to a temperature gradient. It is one of the parameters that enters into the linear-response figure of merit for thermoelectric generators. According to the Mott formula [37] the Seebeck coefficient is maximized for a rapidly varying conductance or transmission coefficient near the Fermi energy. Brovman et al. achieved their large Seebeck coefficient by using the gate voltage to place the Fermi energy near the impurity band of the nanowire.
In the nonlinear-response regime, the criterion for maximizing efficiency is more complicated. It is not sufficient to just have a rapidly varying transmission probability or density of states near the equilibrium Fermi energy. As will be discussed in the next section, there is an energyÊ that depends on the temperature differences and the operating voltage. To maximize the efficiency and power output, one would like the transmission to be large aboveÊ and small below it. Such a transmission as a function of energy can be achieved for some models of molecular tunnel junctions [29, 38] ; however, this relies on subtle interference effects that require careful tuning of the parameters of the Hamiltonian for particular operating conditions.
In this paper we show that the efficiency and power output can be optimized more robustly for semiconducting nanowire with an external gate. We consider a model of a gate-modulated semiconductor nanowire device and show that the ideas of Ref. [29] about the interplay of the microscopic and thermodynamic parameters can be implemented by using the gate voltage V g as a tuning parameter. We calculate the full nonlinear thermodynamic efficiency η and power output P as a function of the gate-voltage parameter U g ¼ −eV g . We will show explicitly that for a given set of microscopic parameters of the disordered wire and thermodynamic parameters of the leads, the relative efficiency η=η c , where η c is the Carnot efficiency, can be increased from zero to η=η c > 0.5 by simply changing the gate voltage. The results should be insensitive to incoherent processes, and should remain valid for large temperature and voltage gradients relevant for practical devices.
The rest of the paper is organized as follows. In Sec. II we briefly review the idea of the interplay of thermodynamic and microscopic parameters as proposed in Ref. [29] . In Sec. III we describe the complete model system, consisting of one-dimensional (1D) disordered nanowire plus three-dimensional (3D) leads. We first explain how the gate modulation allows for a simple and effective implementation of the interplay described in Sec. II. We then obtain an exact expression for the transmission function across the wire in terms of the impurityaveraged Green's function of a 1D disordered wire and the surface Green's function of a 3D perfectly conducting lead. In Sec. IV this transmission function is used to evaluate the efficiency and power output of the model device as a function of the external gate voltage. In Sec. V we summarize the results and briefly discuss the issues not covered in this work.
II. INTERPLAY OF THERMODYNAMIC AND MICROSCOPIC PARAMETERS
In the linear-response regime, a large efficiency of the thermoelectric device at temperature T is obtained when the figure of merit ZT defined as
is large, where G and κ are the electrical and thermal conductances, respectively. The thermopower or Seebeck coefficient S e can be written in the low-temperature limit, in the absence of interactions, as
where T ðEÞ is the energy-dependent transmission function. Thus, in the linear-response regime a large ZT or a large S e require a large variation of T ðEÞ at the Fermi energy. This was used in Ref. [36] to argue that the large S e in the experiment resulted from a large variation of the conductance near the band edge.
In contrast, as shown in Ref. [29] , this is not a necessary or sufficient condition in the nonlinear regime, which is more appropriate for nanodevices with large temperature and voltage gradients. In the absence of interactions, the power output should be written in terms of T ðEÞ as
FðEÞ ≡ f L ðμ L ; T L ; EÞ − f R ðμ R ; T R ; EÞ: ð2:3Þ
Here, I N is the number current and f j ðμ j ; T j ; EÞ ≡ 1=ð1 þ e ðE−μ j Þ=k B T j Þ, j ¼ ðL; RÞ, are the Fermi functions in the left (hot) and right (cold) leads. Note that while the so-called thermopower or Seebeck coefficient S e is an intensive quantity, the actual power P defined in (2.3) is an extensive quantity and therefore can be scaled up. Using T ðEÞ the efficiency can be written as (
This expression, together with Eq. (2.3), allows us to optimize the efficiency as well as the power output by carefully matching T ðEÞ for a given FðEÞ. Since FðEÞ changes sign atÊ given by
the ideal T ðEÞ turns out to be a square wave [29, 30] . While the lower edge of the square wave that maximizes the efficiency for a given fixed power has been calculated in Ref. [30] , it is more useful for our purposes to obtain large power and high efficiency simultaneously, to maximize the number current I N by choosing the lower edge atÊ. In this case the negative value of FðEÞ for E <Ê, which reduces the contribution to the number current in the positive direction, is minimized by allowing transmission only for E >Ê. In practice, this requires a mechanism to reduce T ðEÞ for E <Ê as much as possible. The t-stub model considered in Ref. [29] relies on the destructive interference from two possible paths to provide this reduction. We will show below that a nanowire-lead system with a tunable gate voltage can provide a simple, efficient, and practically robust way of obtaining the same goal.
III. THE NANOWIRE-LEAD SYSTEM
A semiconductor nanowire system similar to that used in Ref. [36] has the possibility to provide the crucial feature that T ðEÞ is negligible for E <Ê, without depending on subtle quantum effects such as interference. This is possible by taking advantage of the band structure of the wire-lead system and the fact that the impurity band of the wire can be adjusted by the applied gate voltage. Figure 1 shows the sketch of our proposed device with external gate voltage, consisting of many parallel wires. Each can be considered as quasi-1D wires, and not coupled to each other. We can therefore calculate the transmission function and the resulting thermoelectric efficiency and power output for one wire, and as shown in Ref. [29] , essentially scale up the power output by multiplying by the number of wires without compromising the efficiency.
For explicit calculations, we will choose each of our nanowires to be effectively 1D with hopping parameter t w and strength of disorder W. We note that for a strictly 1D (single "channel") disordered wire, the localization length is equal to the mean free path. A thin but multichannel wire remains "quasi 1D" as long as the width remains much smaller than the localization length, which is given by the mean free path multiplied by the number of transverse transmission channels. Without inelastic scattering a wire with N channels can be mapped onto N-independent 1D models with renormalized parameters. For small N we expect the transmission functions for the modes to be similar. In such an effectively 1D model the impurity band will be restricted to
are the lower and upper impurityband edges, respectively, in the absence of an external gate voltage. The source and the drain can be considered as 3D perfectly conducting semi-infinite leads on the left (L) and right (R) that act as reservoirs at temperatures T L and T R , respectively. The 3D conduction band of the leads is within the range ½−6t; 6t, where t ¼ t L ¼ t R is the tight-binding hopping parameter in each of the leads, assumed to be symmetric for simplicity. When a gate voltage V g is applied on the wire, the impurity band is shifted relative to the conduction band by U g ¼ −eV g .
As shown in Fig. 2 , the edges of the impurity band now depend on the gate voltage, and the transmission from the left lead will be blocked for all E < E L or E > E U , where
Þ are the lower and upper impurity-band edges, respectively, in the presence of the external gate voltage. In other words, the gate voltage can be used to tune the position of the lower band edge (determined by the microscopic parameters of the wire), with respect to the value ofÊ (determined by the parameters of the reservoirs).
In particular, let us suppose the 1D wire consists of N sites with lattice spacing a, connected to the leads by symmetric couplings V L ¼ V R ¼ V, where V L connects site 1 with the left lead and V R connects site N with the right lead. Then the (retarded) Green's function G of the wire connected to the semi-infinite leads is given [39] in terms of the (retarded) Green's function G 0 of the isolated wire by a 2 × 2 matrix
where I 2 is a 2 × 2 identity matrix and
R is the surface Green's function of the isolated semi-infinite lead. The relevant off-diagonal element of the full connected Green's function is then given by 
NONLINEAR THERMOELECTRICITY IN DISORDERED … PHYS. REV. APPLIED 3, 054003 (2015) 054003-3 and the incoming and outgoing velocities are included in the functions for an isolated 1D disordered wire and the surface Green's function g 0 of the isolated semi-infinite 3D leads. The interplay with thermodynamic parameters will be possible once a gate voltage is applied to the wire.
A. Model for the one-dimensional disordered wire
ð3:5Þ
where c † i and c i are the creation and annihilation operators of an electron at site i in the nanowire and t w is the hopping energy. The site energy ϵ i is random, assumed to have a distribution of the form
ð3:6Þ
where W is the width of the distribution. We will assume that the energy band of the wire is broadened from −2t w < E < 2t w to ð−2t w − W=2Þ < E < ð2t w þ W=2Þ as in the case of box disorder with width W. The disorder-averaged Green's function is given by [41] hGðzÞi ¼ ðzI N − FÞ −1 ; ð3:7Þ where I N is the N × N identity matrix and The matrix ðzI N − FÞ is tridiagonal and symmetric, and can be inverted analytically [42] . The results are
where cos θ ¼ ðz þ iWÞ=ð−2t w Þ and we add a superscript zero to indicate that this is the Green's function when the wire is still isolated, not connected to any leads. Separating the real and imaginary parts θ ¼ ϕ þ iγ and replacing z ¼ E, we get cos ϕðEÞ ¼ −2E=ΓðEÞ; cosh γðEÞ ¼ ΓðEÞ=ð4t w Þ;
where E AE ≡ 2t w AE E. In the large N limit, the Green's functions can be simplified. In this limit we can identify the parameter γ with the inverse localization length, from the N dependence of jG 0 1N j 2 , given by
This result implies an exponential decay of the transmission probability, in the form exp½−L=ξ, where L ¼ Na is the length of the wire and ξ is the localization length, a being the lattice spacing. Thus, we identify a ξðEÞ ≡ γðEÞ: ð3:12Þ
We note that the localization length at E ¼ 0 is given by
B. Perfectly conducting 3D leads
The surface Green's function of the 3D leads is given by
ð3:14Þ where t is the hopping parameter in the leads. Here g 0 1D is the surface Green's function of a one-dimensional lead given by
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While the imaginary part has a jE=tj
3=2 dependence and the real part falls off as 1=jEj near the band edges at E ≈ AE6t, we will see that for our choice of the parameters the impurity band restricts the transmission within an even smaller range. This will allow us to use the above simple forms in our evaluations of the efficiency and power output. 
C. Transmission function

IV. EFFICIENCY AND POWER OUTPUT: TUNING BY GATE VOLTAGE
When a gate voltage V g is applied to the wire, all E in the wire are shifted by the energy U g ¼ −eV g but the lead energies are not. Thus, we need to replace E by E þ U g in the expression for G 0 1N of the isolated wire, but energy in g 0 of the isolated leads remains unshifted. In order to understand how this affects the interplay of the microscopic and the thermodynamic parameters, we will choose an explicit example. All energies will be denoted in units of t. We will consider the relative efficiency η=η c , where η c ≡ 1 − T R =T L is the Carnot efficiency. The power P will be described in units of t 2 =h. As an explicit example, let us choose a nanowire of length L ¼ N ¼ 20 (lattice spacing a ¼ 1) with hopping parameter t w ¼ 1 and Lorentzian disorder characterized by W ¼ 0.01. This corresponds to the localization length ξ 0 ∼ 10L so that it can be considered as weak disorder. The wire is connected to the leads by a coupling V ¼ 0.5. Our choice of the microscopic parameters of the wire then fixes the lower impurity-band edge at E 0 L ¼ ð−2t w − W=2Þ ¼ −2.005. We now need the thermodynamic parameters. Ideally, one would like to have the cold (right) lead to be at room temperature (T R ∼ 300 K) and the hot (left) lead to be at T L ∼ 450 K, such that the Carnot efficiency η c ≡ 1 − T R =T L ∼ 1=3. We take T L ¼ 0.3t and T R ¼ 0.2t, which gives the same Carnot efficiency. For simplicity, we will choose μ L ¼ −1.75 and μ R ¼ −1.5, although in practice one of them will be fixed by the load connected to the thermoelectric device. This fixes the characteristic energyÊ ¼ −1.0, which is above the lower impurity-band edge, as shown in Fig. 2 .
Applying a gate voltage V g shifts all of the energies in the impurity band of the wire by U g relative to the conduction band of the lead. Figure 3 shows the power output and the efficiency of the nanowire system, for the above-chosen set of parameters, as a function of U g . Several features are important. First, the relative efficiency η=η c can be tuned by the gate voltage from zero to almost 0.6, keeping in mind that η=η c > 0.3 is expected to be industrially competitive [29] . Second, the maximum of the relative efficiency occurs at U g ¼ 1.005, where the lower impurity-band edge is pushed up from ð−2t w − W=2Þ ¼ −2.005 to ð−2t w − W=2 þ UgÞ ¼ −1, which coincides withÊ. As shown in Fig. 4 , for this choice of U g all negative contributions to the number current [see Eq. (2.3)] due to the negative values of FðEÞ are now cut off by the band edge. Finally, the power output is also a maximum near the same value of U g , so both efficiency and power can be optimized simultaneously. There is a broad range of values of the gate voltage corresponding to 0.85 ≤ U g ≤ 1.2 (in units of t) for which the efficiency is larger than 0.5η c and the power is larger than 5 × 10 −4 (in units of t 2 =h). As noted above, both power output and the efficiency peak around the same value of U g ≈ 1. However, the absolute value of the power output P for a single wire is clearly very small and practical applications will require many orders of magnitude larger values for P. For the present model, this means that in Fig. 1 , the number of wires should be sufficiently large. At the same time, the distances between the wires also need to be sufficiently large in order to keep them from interacting with one another. We estimate that putting parallel wires 10 nm apart in a 3D array will result in P∼6×10
Here, supplying all proper units, we use k B T R ¼ 0.2t, where k B is the Boltzmann constant and T R ¼ 300 K. This is orders of magnitude larger than currently available commercial devices, although it requires a gate voltage applied to multiple layers as opposed to a single layer of wires shown in Fig. 1 . Of course, P would be smaller if, e.g., the wire-lead coupling V is weaker, or if the disorder of the wire is stronger, than the values chosen here. In Fig. 5 , we show efficiency and power for two much longer wires, with L ∼ ξ 0 and L ∼ 2ξ 0 , compared to the chosen value L ∼ ξ 0 =10 in Fig. 3 . Here ξ 0 is the localization length. Note that L=ξ 0 is a measure of disorder, such that for a fixed width of the distribution W, longer wires imply stronger disorder (L=ξ 0 > 1 correspond to the localized regime). Since the transmission function decreases with increasing disorder, the power output decreases significantly, as shown in Fig. 5 . However, the efficiency remains high because apparently in the ratio, the number and heat currents largely cancel out the disorder effects. (It is not clear why the peak efficiency slightly increases with increasing disorder.) Thus, weaker disorder is needed not for higher efficiency, but for larger power output. We mention that the total power also depends on how close the wires can be put together. On the other hand, the results are largely insensitive to incoherent scatterings or nonuniformity of the wires.
V. SUMMARY AND OUTLOOK
In this paper we present calculations to demonstrate that gated semiconducting nanowires are excellent candidates for high efficiency and power thermoelectric devices. Our model consists of an effectively one-dimensional disordered semiconducting nanowire connected to threedimensional leads. We emphasize that the theoretical model considered here is not just a toy model, but is relevant for actual devices. For example, for our purposes a disordered wire is effectively one dimensional as long as the localization length ξ 0 is much larger than the width of the wire. For a wire with length L ¼ 1 μm and L=ξ 0 ¼ 10, this means that wires with width ∼10 nm are effectively 1D. Such wires can be easily made with current technology [21] . The disorder in the wire is assumed to be Lorentzian, which allows us to calculate the transmission function T ðEÞ through the wire exactly. However, we expect that more realistic types of disorder will only change some numbers like the power output by a small factor, but the important result that the efficiency is largely independent of disorder, as shown in Fig. 5 , will remain valid. The maximum efficiency and power output occur when the transmission function is large for energies greater thanÊ and small for energies less thanÊ. The energy scaleÊ depends on the temperature difference between the leads and the operating voltage. Through the application of a gate voltage the transmission function T ðEÞ may be adjusted to have this property. As Fig. 3 shows, there is a wide range of values for the gate voltage where a single-wire device can be "optimal," with efficiency η=η c > 0.5 and the power output P > 5 × 10 −4 ðt 2 =hÞ per wire. It should then be possible to increase the power by connecting many wires in parallel, without compromising the efficiency. The operation should be robust against incoherent processes, and should remain valid at arbitrary temperature or voltage gradients. We note that the ideas presented here can also be implemented using parallel 2D sheets instead of a 3D array of nanowires. One factor that we have not included in the current work is the magnitude of the phonon thermal conductance. We assume that the heat current is carried entirely by the electrons. In general, the phonon contribution to the thermal conductance κ ph adds to the energy current, reducing the efficiency. However, the present model has two intrinsic advantages. First, it is well known that the surface scattering in a disordered Si nanowire can greatly reduce κ ph [22] . Second, in the present geometry, phonon transmission is also greatly reduced due to large reflection from the contact, i.e., a large Kapitza resistance [43, 44] . In particular, phonons in the leads with transverse wavelength larger than the cross-sectional dimension of the wire will be backscattered with high probability, reducing the transmission and therefore the thermal conductivity [45, 46] . Indeed, Boukai et al. [21] measured κ ph ¼ 0.76 W=ðm KÞ in Si nanowires that are several microns long (L) and 10 nm wide, around temperature T ¼ 200 K. This corresponds to K ph ≡ κ ph LT ¼ 7.6 × 10 −4 W, where for the purpose of definiteness, we chose L ¼ 5 μm. These wires are highly doped and as a result "metalliclike" (increasing conductivity with decreasing temperature), so we compare the above value of K ph with the corresponding K el for a weakly disordered wire. For that, we rewrite Eq. (2.4) as η ¼ P=K, and using the peak values of P and η from Fig. 3 for a weakly disordered wire, we obtain K ¼ K el ∼ 3 × 10 −3 W (using η c ¼ 1=3). Thus, K ph < K el , and including the phonon contribution such that K ¼ K el þ K ph , we find that η=η c ∼ 0.48, which is still larger than 0.3. Thus the phonon thermal conductance can indeed be made small in nanowires. Note that if necessary, disorder can be made weaker by choosing a shorter wire, which also helps limiting any inelastic scattering that might affect the performance of the device. In fact, shorter wires might also be required to operate in the nonlinear regime depending on the load and the leads. Finally, we remark that electron-phonon interactions as well as charging and screening effects can be amplified in the nonlinear regime. Further studies are needed to address these issues.
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